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A BOOLEAN ALGEBRA WITH FEW SUBALGEBRAS,
INTERVAL BOOLEAN ALGEBRAS AND RETRACTIVENESS
BY
MATATYAHU RUBIN

ABSTRACT. Using Oy, we construct a Boolean algebra B of power 8. with the
following properties: (a) B has just ¥, subalgebras. (b) Every uncountable subset of
B contains a countable independent set, a chain of order type 1, and three distinct
clements a. b and ¢, such that ¢ N b = ¢. (a) refutes a conjecture of J. D. Monk, (b)
answers a question of R. McKenzie. B is embeddable in P(w). A variant of the
construction yields an almost Jonson Boolean algebra. We prove that every subalge-
bra of an interval algebra is retractive. This answers affirmatively a conjecture of B.
Rotman. Assuming MA or the existence of a Suslin tree we find a retractive BA not
embeddable in an interval algebra. This refutes a conjecture of B. Rotman. We prove
that an uncountable subalgebra of an interval algebra contains an uncountable chain
or an uncountable antichain. Assuming CH we prove that the theory of Boolean
algebras in Magidor’s and Malitz’s language is undecidable. This answers a question
of M. Weese.

1. Introduction. In this paper we describe a construction of Boolean algebras
(BA’s). Our construction yields counterexamples to several questions about BA’s.
However, we use Oy, s0 most of the questions remain open in ZFC + CH.

We first construct a BA B of power ¥, with the following properties: (1) B has
just X, subalgebras. (2) Every uncountable subset of B contains: a chain of the order
type of the rationals, an infinite independent set, and three distinct elements a, b, ¢
such that a N b = ¢. (3) B is retractive but is not embeddable in an interval algebra.
(See Definitions 1.1 and 1.2.)

Property (1) refutes a conjecture of J. D. Monk, that an infinite BA 4 has always
211 subalgebras. In fact, Shelah proved that B has just 8, lower or upper subsemi-
lattices.

R. McKenzie [Mc] proved that Monk’s conjecture is true if | 4| is a strong limit.
Let us survey his proof. A subset P of an algebra M is called irredundant, if no
element a € P belongs to the subalgebra generated by P — {a}. Clearly, distinct
subsets of an irredundant set generate distinct subalgebras; so if P C M is irredun-
dant, then M has at least 2/"! subalgebras. McKenzie then proved that the subalgebra
generated by a maximal irredundant subset of a BA B is dense in B; that is every
nonzero element of B is greater than some nonzero element of that subalgebra.
Clearly, by Zorn’s lemma, every algebra contains a maximal irredundant subset. So
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if Bis a BA, and | B| is a strong limit, then B contains a maximal irredundant set P,
and | P| has to be equal to | B| . So B has 2/%! subalgebras.

McKenzie then asked whether every infinite BA contains an irredundant set of the
same cardinality.

Property (2) refutes this in a strong way. In fact, the detailed formulation of (2)
(Theorem 4.6) is the strongest possible in this direction. That is, we divide the
countable and finite configurations of subsets of a BA into two classes: £, and £2,.
Every configuration in £, appears as a subset of every uncountable subset of our
BA; on the other hand if B is an uncountable BA, there is always an uncountable
subset P of B, such that no configuration in £, is realized by a subset of P. (This last
fact is trivial, and depends on ZFC.) For example, the configuration: “a # 0 # b
and a N b= 0" is in £,. The configuration: “{b,|i € w}; i #j = b, # b;; by # 0;
and0 <j<i=by=>bNbandl#*b Ub isinL,.

DerFINITION 1.1. A BA C is retractive, if for every ideal I in C, there is a
subalgebra C’ of C, such that foreveryb € C, |b/I N C'|= 1.

DEFINITION 1.2. Let (I, <) be a linear ordering. The interval algebra based on I,
B(1I), is the subalgebra of the power set of I generated by the set {V, | a € I}, where
V,= {x|x € I and x < a}. An interval algebra is a BA which is isomorphic to B(I)
for some linear ordering (I, < ).

B. Rotman [R, Conjecture A] conjectured that every retractive BA is embeddable
in an interval algebra. By property (3) our BA is a strong counterexample to this
conjecture, because every subalgebra of our BA which is embeddable in an interval
algebra, is of power < N,. However in §6 we find simpler but weaker counterexam-
ples, assuming either MA or the existence of a Suslin tree.

DEFINITION 1.3. A subset P of a partial ordering is called a chain if every two
elements of P are comparable. P is called an antichain if every two distinct elements
of P are incomparable. Note that this differs from the more common definition of an
antichain. We prove that if B is a subalgebra of an interval algebra, and | B| is
regular, then B contains a chain or an antichain of power | B| . By property (2), the
BA B we construct does not contain uncountable chains or antichains, so it is not
embeddable in an interval algebra. On the other hand if I C B is a dense ideal, then
B /1 is countable; this property implies retractiveness.

Partial orderings without chains and antichains have been studied extensively. An
account of what was done and some open questions can be found in [DMR]. The
following question which we did not succeed in solving does not appear in [DMR].

Question. Does MA + (-CH) imply that every uncountable BA contains an
uncountable chain or an uncountable antichain?

We conjecture that the answer to the above question is negative.

Another question that seems to us interesting and not easy is the following.

Question. Does (CH) imply that there is an uncountable BA B such that every
uncountable subset of B contains a triple of distinct elements, a, b, ¢ such that
anNb=c.

We conjecture that also the answer to this question is negative.



BOOLEAN ALGEBRA WITH FEW SUBALGEBRAS 67

DEFINITION 1.4. Let M be an algebra of power k. M is called almost Jonson (AJ), if
for every subalgebra N of M of power «, there is a subset P of M of power < k, such
that N U P generates M.

An algebra M has the p-intersection property, if the intersection of any two
subalgebras of M of power p is of power p. (M has the p-IP.)

Notation. If Aisa BAlet I(A) = {a||{b|b C a} |< N,}.

By changing slightly the construction, we get a BA B of power N, with the
following properties: (1) B is an AJ, ¥,-IP BA with just X, lower or upper
subsemilattices. (2) I(B) is an AJ lattice, and it is ¥ -IP lower semilattice.

Notice that these are the best possible results of this kind; in particular, there is no
Jonson BA.

In §5 we show that the theory of BA’s in Magidor and Malitz’s language, L?, is
undecidable. We use the BA’s constructed by Bonnet in [B1], thus we assume CH.

This is an answer to a question of M. Weese. Weese [W] proved that the theory of
BA’s in the language L' (where Q'x@(x) means: there are uncountably many
elements satisfying ¢) is decidable.

Malitz asked whether there is a first order theory whose set of consequences in L'
is decidable, but whose set of consequences in L? is undecidable. So assuming CH
the theory of BA’s is such an example; however we believe that CH is not needed
and other examples must have been known before.

Let us mention what happens in higher cardinals. Using his omitting type theorem
Shelah [S1] proved that if {»,- and {,+ hold, then there is a A-saturated BA B of
power A" with the analogous properties. So in property (2) configurations of power
A replace our countable configurations. However, Monk showed that a BA that
contains an uncountable independent set is not retractive.

In §6 we make a modest contribution to the question: “When is the free product
of two BA’s retractive?” This question was raised by B. Rotman. Note that in [R]
Rotman proved that the free product of an infinite BA and an uncountable BA is
not embeddable in an interval algebra.

Our construction resembles Magidor and Malitz’s proof of the compactness of
L=“ [MM]. Recently Shelah [S2] proved a theorem that generalizes our construc-
tion; however it does not imply the results presented here, but rather gives general
conditions under which such constructions can be carried out.

I would like to thank F. Galvin, R. Laver, J. D. Monk, J. Mycielski, S. Shelah, Y.
Gurevich, S. Theodorevich, and E. van Douwen for helpful discussions.

2. Notations.

Boolean algebras. A Boolean algebra (BA) is a structure of the form (B, U, N,
-,0,1). The letters 4 and B always denote BA’s. A, B denote both the Boolean
algebra and its universe. C denotes the partial ordering in a BA; a < bmeansa C b
and a # b. a Ab denotes (a — b) U (b — a). When we have to distinguish between
the units of different BA’s, we denote by 1,,0, the 1 and 0 of B. If a, b € B and
a N b =0, then a and b are said to be disjoint.
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At(B) denotes the set of atoms of B. If P is a subset of B, then cl(P) is the
subalgebra of B generated by P. A subset P of B is dense in B, if for every
b€ B — {0}, thereisc € P, c # 0, such that ¢ C b.

If C and B are BA’s, then C C B always means that C is a subalgebra of B.
However, if C is not a BA, then C C B means that C is a subset of the universe of B.

An ideal I in a BA B is a nonempty subset of B that does not contain 1, is closed
under U, and ifa€land B3 b Cathenb &l If I'is an ideal in B, and a € B
then a/I = {b|b€BandalAbel}. B/I ={b/I|b &€ B}. B/I is regarded as a
BA.

If a € B — {0}, then Bt ais the BA induced by Bon theset (b|B3 b Ca}. If I
is an ideal in B, then Ita=1IN {b|B3 b Ca}. If a €I, then It ais an ideal in
Bt a.

If : B — A is a homomorphism, then ker(¢) = {a|a € B and p(a) = 0}. ker(op)
is an ideal in B.

Partial orderings. If (P, <') is any partial ordering, a, b € P, then (a, b) = {x|x
€ P and a<x<b}, [a,b]={x|x €EP and a<x <b}. (a, b] and [a, b) are
defined similarly.

If (P, <) is a partial ordering a € P and D C P, then a < D means that for
everyd € Da < d. D < ais defined similarly.

Sets and models. The cardinality of a set D is denoted by | D| . If B is a BA, then
| B| denotes the cardinality of the universe of B. If fis a function, then Dom( f),
Rng( f) denote the domain and range of f respectively.

If M is a model ¢(x,,...,x,) is a formula in the language of M and a,,...,q,
belong to the universe of M, then M F ¢[a,,...,a,] means that (a,,...,a,) satisfies
the formula ¢ in M.

M < N means that M is an elementary submodel of N.

If M is a model, P is a subset of the universe of M, then (M, P) denotes the model
gotten from M by adding to the language of M a unary predicate, to represent P.

A Boolean term is a term in the language of Boolean algebras.

3. The construction. We will construct an uncountable BA, in which every
nowhere dense set is countable, i.e. of power < 8. (See Definitions 3.1-3.3.) All the
properties mentioned in the introduction will follow from this property.

def
DEerFINITION 3.1. If a,b € B, then (a,b) = {c|]cEB and a cec b}, and

def
[a, b] = {c|c € B and a C ¢ C b} are called the open and respectively the closed

interval with end points a and b.

DErFINITION 3.2. If n =0 and a, b,...,b,, ¢,, c, € B, then R(a, b\,...,b,, ¢}, c;)
iff a, b,,...,b, are pairwise disjoint, ¢, Ca U U’_b,, a U ¢, C ¢, and for every
I<i<n (c;—c)Nb #0.

DEFINITION 3.3. A subset P of B is called nowhere dense (nwd): if for every n > 0,
a, b,,...,b, € Bsuch that a, b,,...,b, are pairwise disjoint and b,,...,b, # 0, there
are ¢,, ¢, € Bsuch that: R(a, b,,...,b,,c),c;)and P N (c;, ¢,) = 2.

If P is not nwd, then P is called somewhere dense (swd).
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Note that the more straightforward way to define nowhere denseness would have
been with n = 1 only; but it was later noticed by Shelah that with such a definition
every uncountable BA would contain an uncountable nwd set.

DEFINITION 3.4. Let P C B C A. A is convenient for P, B (Notation: C(A, P, B))
if: foreveryn=0, a, b,...,b, € 4 such that a, b,,...,b, are pairwise disjoint and
for every 1 <i<n, b, # 0, there are ¢, ¢, € B such that: R(a, b,,..., b,, c,, c,)and
(c,e;)NP=g@.

Note that C(A, P, A) is equivalent to P is a nwd subset of 4.

The following lemma summarizes some trivial observations.

LEMMA 3.5. (a) If R(a, by,...,b,, c|,c,) and for every 1 <i<j<mn: b, C b/ and
b; N b = b, Na=0,then R(a, b),....b,, ¢\, c3).

(b)IfP CBCA,D C Aisdensein A and for everya € A,n=0,b,....b, €D
— {0} such that a,b,,...,b, are pairwise disjoint, there are c,,c, € B such that
R(a, by,...,b,,c;,c)and P N (cy, c,) = D; then C(A, P, B).

(c) If {A;|i < w} is an increasing chain of BA’s and for every i < w C(A,, P, B),
then C(U,__ A,, P, B).

If Bisa BA and R = {a, = b;|i € I} is a list of equalities between elements of B,
then R determines a homomorphic image of B, namely B/J where J is the ideal
generated by the set {a, Ab,;|i € I}; we will refer to this Boolean algebra as B/R.
Let k be the canonical mapping from B to B/R; certainly if (a = b) € R then
k(a) = k(b).

We omit the easy proof of the following lemma.

LEMMA 3.6. Let C = {0, x,-x, 1} be a BA with exactly four elements. For every
i €1 let a;, b, € B, and assume that for every i € I, b, C a, and for every distinct
i,j€Ila;Na,=0.Let B, be the free product of B and C, and let R = {a, N x = b, |
i € I}. Let k be the canonical homomorphism from B, to B,/R; then k! B is 1-1, that
is, B can be regarded as a subalgebra of B,/R.

LEMMA 3.7 (MAIN LEMMA). Suppose A is countable and atomless. For every i < w let
P, C B; C A, and assume C(A, P,, B;), then there is A, such that A g Ay, A is dense in
A,, and for every i < w C(A,, P;, B;).

PROOF. Let x be an element not in B, and let C = {0, x,-x,1} be a BA with
exactly four elements; we will define by induction a set of equations R in the free
product A" of 4 and C of the form x N a = b where a, b € A. A, willbe A’ /R.

Let T={aU(bNx)U(c—x)|a,b,c EA and a, b, c are pairwise disjoint}.
Note that every element of 4’ is represented by an element of 7, so T will represent
(no doubt with repetitions) the elements of 4. Let {s,|n <w} be a list of the
following objects 4 U T U {(t, b,...,b,,i)|t €T, k=0, b,,...,b, are pairwise
disjoint nonzero elements of 4, and i < w}. {s,|n < w} represents the list of tasks
that we will have to carry out along the definition of R. So if s, € A4, it will mean
that in the nth step we assure that x # s,. Taking care of these tasks will ascertain
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that 4, will be a proper extension of A. s, € T means that in the nth step we have
either to decide that s, = 0 or else to find b € 4 and to add a relation to R to the
effect that b C s,. This will assure the denseness of 4 in A4,. When s, = (1, b,
--- by, iy we will add a relation for one of the following purposes: (1) make ¢ € A4,
(2) make ¢ N b; # 0 for some j, (3) for some |, ¢, € B; such that P, N (¢}, ¢c,) = @
make R(¢, by,...,b,, ¢, c;) hold.

The induction hypothesis: after the nth step in the construction we have decided
upon the following n relations: a; N x = b] where for every 0 <i <j<n, b C a/,
a;Na;=0,and U_ja; # 1. Leta, = U]_ja; and b} = U]_b/, then the relation
a, N x = b} is equivalent to the set of relations {a; N x = b |0 <i <n}. So it is
equivalent to assume that after n steps we add the relation a, N x = b¥ where
b¥Ca,+ 1.

Stepn + 1. Suppose s, =a € A. If aUa, # 1lete € 4 such thate N (a U a,)
=0,e#0 and e U aUaqa,# 1. (Remember that 4 is atomless.) Let us add the
relationx Ne =e,s0a,,, =aUeand b}, , =bf Ue,soa,,, # 1. Sincein 4" /R
e # 0 this will assure that x # a. Ifa U a, = | thena — a, # 0. LetO#ega —a,

and add the relation x N e = 0. It is clear again that the induction hypothesis holds,
and x will be different from a.
Suppose now thats, =aU (bNx)U (c—x)=t € T.So
t=aU(bNxnNa,)U(bNx—a,)U((c—x)Na,) U((c—x)—a,)
=[au(bnbr) U ((a, = b) N )] U[(b—a,) N x] U[(c—a,) -]

So by renaming a, b and ¢ we can w.lo.g. assume that (b U c) N a, = 0. Now if
a # 0 then we do not add any relation, because already a €4 and 0 #*a C ¢.
Suppose that a = 0. If b U ¢ # 0 we can w.l.o.g. assume that b # 0. So let 0 + e g b
and add the relation e N x = e; we thus assure that e C ¢. It is clear thata, , = q,
U e # 1, and since e N a, = 0, the induction hypothesis holds. If b U ¢ = 0, then
t = 0, and we do not add any relation to our list.

Suppose now that s, = (1, b,,...,b,, i) where t € T, b|,...,b, are nonzero pair-
wise disjoint elements of A (note that & might be 0), and i € w. Lett = a U (b N x)
U (c—x), and as before w.lo.g. (bUc)Na,=0. If (U b)Na+0 then
t, b,,...,b, will not be a set of pairwise disjoint elements in 4,, so we do not have to
add any relation. Let d = b U c. If for some 1 <j <k, b, N d # 0 let us assume
w.lo.g. thatb; N c # 0. Let0 # e 2 b, N ¢ and add the relation x N e = 0. It is easy
to check that the induction hypothesis holds and that in 4, 1 N b; # 0, so in 4,
t, by,...,b, will not be pairwise disjoint. If 4 = 0 then ¢ = a, and since C(4, P, B,),
we do not have to worry. Suppose now that d # 0 and for every j d N b; = 0. So

a,d,b,,...,b, are pairwise disjoint elements of 4 and d, b,,...,b, 0. Since
C(A, P, B;), there are c|,c, € B, such that P, N (¢, ¢c,) = & and
R(a,d, b,,...,b,,c,,c;,). We are going to add a relation in order to make

R(1, b,,...,by, c;, c;) hold. Let us add the relations x N (¢, N d) =c¢, N b and
xN(d—c¢,)=c—c,.Sincec; Cc,, (c;Nd)N(d—c,) =0, and since (¢; — ¢;)
Nd+#0, a,,, =a,U(c,Nd)U(d—c,)# 1. Thus the induction hypothesis
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holds. Let us see that we have assured that ¢, C t U U*_ b and t C c,. In order to

i=17i

prove that ¢, C + U UX_ b, it is sufficient to show thatc, N d C ¢.
t2(bNx)U(c—x)2[bNe,Nx]U[(c—x)Ne|]
=(c,Nnb)U(cnNec,—x)=(c;Nb)U[(cNe)—(cNeyNx)
D(e,Nb)UfecnNe,—dneNnx]=(c,Nb)U(cNc,—c, Nb)
=(c,Nb)U(c,Nc)=¢c, Nd.
In order to show that ¢ C ¢, it is sufficient to show that t N d C ¢, N d.
tNd=(NdNe,)U(tN —c,) Ce,U[tN(d—c,)]
=c,U[bNnxn(d—c,)] U[(c—x)N(d—c,)]
=c2U(bﬂ(c—cz))U[(c—x)ﬂ(d—cz)]
:CZU[Cn(d_Cz)_Xﬂ(d_Cz)] :CZU[Cn(d_Cz)—(C_Cz)]
= U((c =) —(c =) =c.

Now it is clear that R(¢t, by,...,b,, ¢, ¢,) will hold in 4,.
Let R={x Na,=bf|n<w}andlet A, = A’/R. Since by the construction 4 is
dense in 4,, by Lemma 3.5(b) 4, is as desired. Q.E.D.

THEOREM 3.8 (MAIN THEOREM). (Ox,) There is an uncountable BA B, such that
every nwd subset of B is of power < R ,.

ProOOF. We define by induction an increasing continuous chain of BA’s {B, |a <
R, and « is a limit} and a sequence {P, |<N, and « is a limit} such that: the
universe of B, is a, B, is atomless and for every w < a B, is dense in B,; for every a
P, C B, and for every a < 8 C(Bg, P,, B,).

Let {S,| @ <R} be the sequence assured by Oy . Let B, be an atomless BA with
universe w. If § is a limit of limit ordinals let By = U, _;B,. Suppose B, and P,
B < a, have been defined. If C(B,, S,, B,) let P, = S,, and otherwise let P, = &.
Now by the induction hypothesis and by Lemma 3.7, there is a BA B, with
universe a + w, such that for every 8 < a C(B, ., Py, Bg) and B, is dense in B, ;
so the induction hypotheses hold.

Let B = U,_x B,. Suppose by contradiction P is a nwd uncountable subset of B.

Let F= {a|a <N, ais alimit and (B,, « N P) < (B, P)}; then F is closed and
unbounded. Let S = {a|P N a = S,}, then S is stationary; so S N F# &. Let
ag € SN F.Since Pisnwd in B, and (B, , P N a;) < (B, P), PN ayisnwdin B, ,
thus PN ay = P, . Leta € P — P, , so there are ¢}, ¢, € B, , such that R(a, ¢, ¢;),
ie. ¢, CaCecy, and P, N(c;,¢c;) = @. But then: (B,, P, ) F Vx(P(x) - x &
(¢y,¢y)), whereas (B, P) E P(a) Na € (¢, ¢,). This contradicts the fact that
(B, P,,) <(B,P). QED.

REMARKS. (a) In the construction we can also take care that for every b € B — {0}
| (0, b)|= N,. (b) Let us denote by II,,B; the full direct product of {B;|i € I} and
by Z,¢,B; the weakest direct product of {b;|i € I}.
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Let {B,|i € I} = % be a family of BA’s. B is called a good product for %, if there
is a countable or finite J C I such that: 2, B, C B C [l,¢,B,, and B/K is counta-
ble or finite, where K is the ideal of B generated by U, B;. The construction can be
modified to yield a family {B,|i < 2"'}d:er %, such that for every i <2™ B, is
uncountable, and whenever B is a good product for %, B does not contain
uncountable nwd sets.

Note that this implies that for every i < <2¥' and every BA C which is a
homomorphic image or embeddable in B,, and which is a homomorphic image or
embeddable in B, C 1s countable or finite.

DEFINITION 3.9. A BA B is called partly concentrated if: (1) B is atomless, and
| B|=8,; (2) I(B) is a prime ideal of B; (3) if P C B, | P|= ¥,, then there are
a € I(B), b € B — I(B) such that a C b, and for every a, € I(B), b, € B— I(B)
suchthata Ca, C b, Cb: PN (a, b)) #* 3.

In a method similar to 3.8 one can prove the following theorem.

THEOREM 3.10. (O,) There is a partly concentrated BA.

Theorem 3.11 is due to Shelah; it shows that gap-two theorems are not true for
strongly concentrated BA’s.

THEOREM 3.11. Let B have the property that every uncountable set contains distinct
elements a, b, ¢ such that a N b = c; then | B|< ¥,.

PROOF. Let us assume by contradiction that B has the above property but
|B|>N,. Wlog. |B|=N,. It is obvious that every uncountable subset of B
contains distinct elements a, b, ¢ such thata U b = c.

We first show that every ideal in B is countably generated. Suppose by contradic-
tion that I is not countably generated. Then there is a sequence {a;|i <8} C/
such that for every j, < --- <j, <i<W;:a,ZU;_a,. Leta,a,a, be distinct
elements in the above sequence such that a; U a; = a,, i, j < k, is certainly impossi-
ble. If however k <}, then a; C a, contradicts again the property of the sequence.
Hence every ideal of B is countably generated.

Let {B;|i <¥,} be a strictly increasing continuous sequence of subalgebras of B,
such that forevery i | B;|< N,andleta;, € B,,, — B,. Let C = {i <N, | cf(i) = 8,}.
Foreveryi € C,let I, = {b € B;,|b C a;} and F, = {b € B;| a, C b}. Clearly I, and
F, are respectively an ideal and a filter in B;, and so they are countably generated.
Hence there is a; < i such that both /; and F; are generated by subsets of B, .

By Fodor’s theorem there is an uncountable set D C C and a < 8, such that for
everyi € Da;, = a.

Let i, j, k be distinct elements of D such that a;, U a; = a,. Since a;, a, C a, there
are b,c € B, such that a,C b Ca, and a;CcCay this can be proved by
distinguishing between the cases when i, j < k or i <k <j or k <i <. But then
b U ¢ = a, which means that a, € B,, a contradiction. Q.E.D.
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4. Properties of strongly concentrated BA’s.

DEFINITION 4.1. B is called sgrongly concentrated (SC), if | B|= Y, B is atomless,
and B does not contain uncountable nwd subsets.

Let I(B) = {b|bE€ Band |{a|B3aCb}|<Ny}

LEMMA 4.2. If B is SC, then | I(B) |< R,

PROOF. Suppose by contradiction |I(B)|= N; then for every P C I(B): if
| P|< 8, then there is a € I(B), such that for no b € P, a C b. So I(B) contains a
sequence C = {c;|i <N} such that for every i <j <N, ¢; Z ¢, Since | C|= N, it
is swd. Let n >0, a, b,,...,b, € B be such that: a, b,,...,b, are pairwise disjoint,
b,,...,b, # 0, and for every d,, d, € B: if R(a, b,,...,b,, d,, d,), then (d,,d,) N C
# @. For every 1 <i<n let {b/|j<w} be a sequence such that for every
J<k<w b3 b/ 2 bf. Let d; =a U U/_b/; then for every j < w

R(a, b,,...,b,,d;,\,d)). Solet ¢, €(d;;,d)) N C. If j<k<w, then ¢, C c,,
On the other hand {a;|j <w} is not a decreasing sequence, so for some k >

a, > a;, but by the choice of C, ¢, ¢ ¢, , a contradiction. Q.E.D.

THEOREM 4.3. Suppose B is strongly concentrated, then:

(a) (Shelah) B has just 2% lower or upper subsemilattices.

(b) Every ideal of B is countably generated (as an ideal). Every subalgebra of B is
generated by an ideal and a countable set.

(c) B is retractive; that is, if I is an ideal in B, then there is a subalgebra A of B, such
that for everyb € B|A N b/I|= 1.

(d) (Shelah, Rubin) There are just 2%° order preserving functions from B to B. ( f:
B — B is order preserving, if whenever a, b € B and a C b; f(a) C f(b).)

(e) If I(B) = {0}, then B does not contain 1-1 or onto endomorphism other than the
identity.

REMARKS. (1) (a) improved the result of the author that B has just 2¥° subalgebras.
It answers a question of W. Rautenberg.

(2) (d) was first proved by Shelah for BA’s that have a property stronger than
strong concentration. The author using a similar method proved it for SC BA’s.
However Bonnet [B1] constructed BA’s having the properties (d) and (e) assuming
CH only.

PRrOOF. (a) We will prove that every lower subsemilattice of B can be represented
as the union of countably many closed intervals. (Note that for every a € B
{a} = [a, a] is a closed interval.) Suppose by contradiction that L is a counterexam-
ple. Let {[a; b;]|i <®,} be an enumeration of all closed intervals which are
contained in L. Since L is not a union of < 8, intervals, we can choose a sequence

def
c= {c;|i <W,} with the following properties: for every i <®;: ¢, €L —
Uj<i[aj, b;]; for every i <j <N c;Ac; & I(B), |C|=N,, so there are n >0,
a, b,,...,b, € B such that: a, b,,...,b, are pairwise disjoint, b,,...,b, # 0; and for
every d,d, € B, if R(a,b,,...,b,,d,,d,), then CN(d,,d,)= &. Let bEB
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be such that a Cb, b Ca U U/ b, and for every 1 <i<n b,— b,bN b, #O.
We will show that [a,b] C L. Let d €[a, b]. For every 1<i<n, j=1,2,
let d/ Cb,—d, d/#0, and d! Nd}?=0. Let @’ =dU U’ d/, j=1,2. Then
R(a, by,...,b,,d,d’),j=1,2. Solet ¢/ €(d,d’)NC,j=1,2.d=c"Nc? and
c,c?’eL,sod€E€ L.

Since |[a,b] N C|>1, b —a & I(B); so |[a,b] N C|=N,. But [a,b] C L, so
for some i <N, [a, b] = [a;, b;], but then C N [a, b] C {c,|j <i}, so |C N [a, b]|
< N,, a contradiction. So every lower subsemilattice of B is the union of countably
many closed intervals; so B has R{fo = 2%0 Jower subsemilattices.

A similar argument holds for upper subsemilattices. Q.E.D.

(b) Let I be an ideal in B; then I is a sublattice of B, so there are a,, b, € B,
a; Cb;, i <w,such that I = U,__[a,, b;], so I is generated as an ideal by the set
{b;]i < w}. Let 4 be a subalgebra of B. Let 4 = U,__[a,, b;] and a, C b,. Let I be
the ideal generated by {b, — a,|i < w}; then A4 is generated by I U {b,|i < w}.

(c) We first prove that if I C B is a dense ideal, then | B/I |< N,. If not, let P C B
be such that for every b€ B |b/INP|=1. Since |P|=N,, P is swd. Let
a, b,,...,b, exemplify this fact. For every 1 <i<nletas b, C b, and b € I. So
| P N [a,a U U b]]|= 2, contradicting the choice of P. So | B/I|< ¥,

Secondly the reader can easily check: () if 4 is a BA, I C A is an ideal, and
| A/I|<WN,, then there is a subalgebra 4, of A such that for every a € 4
|4, Na/I|=1.

Let I be an ideal in B. Let J = {a|a € B and for every b € I a N b = 0}; then J
is an ideal and I U J generates a dense ideal I'. So | B/I'|< N,. Let A4, be the
subalgebra assured by (*). Let 4, be the algebra generated by J U 4,. We prove that
A, is as required. If not, there is a such that 0 #a €4, N 1. Wlog.a=bNc¢
whereb € Jor-b € Jand c € A,. Butbh € J isimpossible,so-b € J;s0c N -b €I’
and c N b € I, so ¢ € I'. But by choice of 4,, this is impossible. So (c) is proved.

(d) Let us first mention that an SC BA does not contain uncountable antichains.
(See Theorem 4.6(c).)

Let f: B —» B be an order preserving function. We will prove: (*) there is a
sequence {{a,, b;, ¢;,d;)|i < w} such that: B= U,_ [a,, b], and for every x €
[a;, b, f(x) =¢; U (d; N x).

Suppose f is a counterexample to (). In a way similar to what was done in part
(a), one can choose an uncountable subset C of B with the following properties: (1) If
a, b, c,d € B are such that for every x € [a, b], f(x) =cU (d N x); then |C N
[a, b]|< 8y; 2)if ¢}, ¢; € Cand ¢ # c,, then¢| Ac, & I(B).

Let a, b,,...,b, exemplify the fact that C is swd. We will first find a’, b,...,b,
ando,,0,,0; C {1,...,n}suchthat:a Ca’ Ca U U’ b,05# b Cb,biNa =0,
0,Ug,Uoy={1,...,n}, and for every x € [a’,a’ U UL b] and 1 <i<n: if
i €0, then f(x) D bj,ifi €E0,f(x) N b; =0, and if i € o5 then f(x) N b = x N b].

Let 0, C {1,...,n} be a maximal set with the property that there is ¢ € B such
that: a Cc CaU U b, forevery 1<i<n b, Nc+#0%*b, —c, and for every
i€0, (f(c)—c)Nb;#0. For every i €0, let b} = (f(c) —c) Nb,; for every
i€{l,...,n} —a, let bl =b,—c. Let o, C {1,...,n} be a maximal set with the
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property: there is ¢, € B such that ¢, € [c,c U U’_,b}], for every i € {1,...,n}
¢, Nb! #0, and for every i € a,, f(c,) N b} ca Nbl. Let @ =cU(f(c,)N
U,EOZb}), andletbh, = (¢, —a’)Nb,i=1,...,n.

def
It is easily seen that a’,b’,...,b;,0,,0, and o= {1,...,n} — 0, — 0, are as
desired.
It is also clear that a’, b),...,b, exemplify the fact that C is swd. So let us rename

a’, b,,...,b, by a, by,...,b, respectively. Let C, = C N [a,a N U_b,]. Suppose
first (xx): | {f(c) — UL b;|c € C,}|=R,. Then there is a C, C C, such that
| C,|= 8, and for every c|,c, € C,: if ¢, # c,, then f(c|) — UL b, # f(c,) —
U™ b. Let P = {(c N UL b)) U (-f(c)— UL b)|, c €EC}; then P is an un-
countable antichain. But this is impossible, so (**) does not hold. So there is
C, C C, such that | C;|= 8, and for every ¢|, ¢, € Cy: f(c)) — Ul b, = f(c,) —
UL b Lete, = U, bi,e3 = U, b, ¢o € GGand d = f(cy) — UL, b; then, for
every x € G, f(x) = (e, Ud) U (e; N x). Let a’, b,...,b} exemplify the fact that
G, is swd. It is easy to see that if x € (a’,a" U Uf‘:lb{) and for every 1 <i <k,
x N b # 0 +# b, — x, then f(x) = (e, Ud) U (e5 N x). Let 0 # b! gbfgb}, i=
1,...,k, and let a” = a’ U U%_ b} and b” = UX_ (b? — b}); then, for every x €
[a”,a” Ub"], f(x)=(e,Ud)U(e3sNx) and |C; N[a”, b"]|=N,. This con-
tradicts the choice of C. So we proved (). It follows trivially that | { f|f: B - B is
order preserving} |< 2%

Question. For which formulas ¢(x,,...,x,) are there just 280 ¢ preserving
functions?

(e) REMARKS. (1) Baumgartner noted that if B does not contain uncountable
antichains and I(B) = {0} then B is rigid. We note in a similar way, that such a B
does not have 1-1 order preserving functions other than the identity.

(2) Every BA with more than two elements has an onto order preserving function
different from the identity. For, certainly it is true for finite BA’s; so let | B|= N,
let {a,|i <w} be a set of pairwise disjoint nonzero elements of B. Define f(x)
=x, if {i|xNa;*0} is infinite; otherwise define f(x) = x — a, where i
= max({j|a; N x # 0}). fis as desired. Note also that f preserves disjointness.

(3) Bonnet [B1] proved that if B is an interval algebra without 1-1 endomorphisms
except the identity, then B does not have onto endomorphisms except the identity. It
was noticed by Monk and Loats that this fact is true for every retractive BA. In fact
it is true for every retractive algebra.

PROOF OF (e). Suppose f: B — B is 1-1 and order preserving. Assume by contradic-
tion f(a) # a.

Case 1: a — f(a) #0. Let P = {x U [f(a) — f(x)]|x Ca— f(a)}, then P is an
uncountable antichain. By Theorem 4.6(c) this is a contradiction.

Case 2: f(a)ga. In this case {x U (-f(x) N —f(a))|x € (a, f(a))} is an un-
countable antichain, and again we reach a contradiction.

Suppose B is retractive, and does not have 1-1 endomorphism except the identity.
Let f be an onto endomorphism and I = ker( f), let A C B be a subalgebra of B
such that for every b € B, |A N b/I|=1 then fI 4 is an isomorphism between A
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and B. So, (f1 A)7' is a 1-1 endomorphism from B to B. So ( ft A)"' = Id, hence
f=1d. Q.E.D.
If Bisa BA and ¢(x,,...,x,) is a formula in the language of BA’s, let Bl ¢ be the

structure M= (A, RMY where A is the universe of B and R™ = ((b,,...,b,)| B E
(p[al" . ’an]}‘

Questions. Suppose B is SC. (1) For which formulas ¢ B! ¢ is retractive.

(2) For which ¢’s Bt ¢ does not have 1-1 endomorphisms other than the identity,
and for which ¢’s B ¢ does not have onto endomorphisms other than the identity.

DEFINITION 4.4. A configuration is a quantifier free, consistent complete (in the set
of quantifier free formulas) type in the language of BA’s, and with variables
{x;|i € I} where |I|< 8.

Let B be a BA, L a configuration and P C B; L appears in P, if for some
{a;|I <a} C P {a;|i <a} realizes L. If L does not appear in P, then we say that P
is L-free.

L is called a good configuration if there is a linear ordering < of I, such that for
every i, <i,<:---<i,€1I and a term 7(x...,x,_): (Uj‘.zlx,/ =)€L,
(Nf_x, =0) & Land (1(x,,...,x, ) =x,) & L.

The reader can easily ascertain the following observation.

Observation 4.5. For every uncountable BA B there is an uncountable subset P of
B, such that every configuration that appears in P is good.

ExaMpLEs. The following configurations are good: (1) {x,|i < w} is an indepen-
dent set; (2) {x, Cx | 7, g are rationals and r < q}; (3) x, = x, N x5, x, # x3 ¥ X,
#0and x, U x5 # 1.

THEOREM 4.6. (a) Let A be an atomless BA, L be a good configuration with order
type < w and P C A be an L-free subset of A; then P is nwd. (b) If B is SC, L is a
good configuration with order type < w and P C B is uncountable, then L appears in P.
(c) If B is SC, then B does not contain uncountable chains or antichains.

PROOF. (b) is a trivial corollary of A4, and (c) is a trivial corollary of (b).

PROOF OF (a). We prove that if P C A4 is swd, and L is a good configuration then
L appears in P. W.l.o.g.,, L is in the variables {x,|i < w}. Let a, b,,...,b,, exemplify
the fact that P is swd. We now define by induction a sequence { p,|i < w} C P with
the following induction hypotheses: Suppose p,,...,p,_, have been defined n > 0,
and let {r,,...,r;} = AUcl({py,...,P,-1})); then:

(1) forevery i, 0<i<n:aCp,CaU U b;

(2) foreveryi,0 <i<n,and foreveryj, | <j<m:r,N b, #0;

3) (P> --+P,) realizes L1 {x;|i < n}.

We first construct p,. Let p, € P N[a,a U U b] be such that for every
1<i<m, b;Np,+# 0+#b,— p,. Clearly, the induction hypotheses for n = 1 are
satisfied.

Suppose py,-..,p,—, have been defined, and n > 0. Let {r,...,r,} be as above.
Wlog r, = N,_,p, and r,= N,_, —p. For every 1<i</ let r,=
7.(Pgs---»Pn—1), and let us denote the term 7,(xg,...,x,_;) by y,. Let o, = {i|(y; C
x,) €L}, 0,={i|(yyNx,=0 €L} and o5 = {i|(y;Nx,#*0+*y —x,) €EL}.
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Since for no term 7, (7(x,,..., X,-y)=x,) €L oy# @.Since (N,_,x,#0) EL,
1 & o,; and since (U,_,x, # 1) EL,[ & 0,.
Foreveryi €oyand 1 <j<m.let0+#d/ CdjCr,Nb, Let

c;'zaU(Ur,) u U{d!li€oand 1 <j<m),

€0

and

cd=au| U r,.) U U{d,-zj|iEo3and1<j<m}.
€0
We. first show that R(a, b,,....b,, ¢}, c}) holds. In order to show that ¢{ Ca U
U7 b, it suffices to show that for every i € o,, r, Ca U UL b,. But since / & o),
there is at least one j, 0 <j < n, such that (y, Cx;) EL.Sor, Cp, CaU UL b.
Certainly ¢j C cf U a.0; # @,s0let B € a5. Let 1 <j < m; then (¢; —¢f) N b, D
dj; # 0. So we proved that R(a, b,,....b,, ¢}, c}) holds.

Letp, € PN [c}, c5]. Sincea C ¢ C p, Ccj Ca U UL b, condition (1) of the
induction hypotheses holds. If r € At(cl({ p,...,p,})), then either: r € {r,...,r;}
and then for every 1l <j<m rnN b, # 0; or else there is B € o5, such that r D
U;f;,d,}j, orrD U (pNb,— dj,), so in both cases for every 1 <j<m, rN b,
# 0. Hence, condition (2) of the induction hypotheses holds. It is clear that for every
I<is<lp, Driff(x,Dy)€EL,andr,Np,#05*r,—p,iff (y;Nx,#0Fy,
— x,) € L;so{py,...,p,y realizes LI {x,,...,x,}. Thus (a) has been proved.

REMARK. Remember that by [BaK], and SC BA is embeddable in (P(w), U, N,
- 9, w).

Question. Let B be SC and P C B be uncountable. Does every good configuration
appear in P?

THEOREM 4.7. Let B be a partly concentrated BA. Then: (1) B is an AJ, 8 -IP BA
with just 8, lower or upper subsemilattices.
(2) I(B) is an AJ lattice and it is ¥ |-IP lower semilattice.

PROOF. Similar to the arguments previously presented in this section.

5. Some facts about interval algebras. If (J, <) is a linear ordering let J* = J U
{-o0, 0} (we assume that —oo,c0 & J); we define the ordering on J* in the
obvious way. If a, b € J* let (a,b] = {x|x €J and a < x < b}. Note that —o0, 00
& (a,b]. Every element a of the interval algebra B(J) (see Definition 1.2) can be
uniquely represented in the form U!_ (a,b,], where n =0, a,, b,,...,a,, b, €J ",
and -0 <aq,<bh <a,<---<a,<b,<o0. We call this representation the
canonical representation of a. We denote o, = {a, b,,...,a,, b,}. Note that
0, 4> Oynp» 0,05 C 0, U 0,. Let 0, = (a,, b,,...,a,, b,). We make the convention
that Dom(ad,) = {1,...,2n}.

Note that if (J, <) is a linear ordering and @ # J, C J, then B(J,) can be
embedded in B(J) in a natural way; so we regard B(J,) as a subalgebra of B(J).

The following theorem answers affirmatively a question of B. Rotman [R, Conjec-
ture B].
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THEOREM 5.1. Every subalgebra of an interval algebra is retractive.

PROOF. We prove the following statement which is equivalent to the theorem. If
{J, <) is a linear ordering, B = B(J) is its interval algebra. ] C B is an ideal, and
A C B is a subalgebra of B; then there is a subalgebra A’ C 4, such that for every
a€A|A Na/l|=1.

Let J, CJ™ be a maximal set with the property that B(J,) N A N1 = {0}. We
will show that for every a € 4, | B(J;) N A Na/I|= 1, so A’ can be chosen to be
B(J;) N A.

For everya € Bleto, =0, — J;. 6, = & iff a € B(J,). We will prove if a € 4
and 6, # &, then there is a’ € 4 such thata/I =a’/I and |6, |<|q,|. Leta € 4,
a = U’ (a,, b;] be its canonical representation and suppose a, & J,. So
B(J,U{a,})NANI+#{0}. Let 0*beEB(JU{a})NANI and b=
U™ (c;»d,] be its natural representation. For some 1 < j < m either: (1) a, = ¢, or
(2)a,=d;, and o, — {a,} CJj.

If (1) happens, then ¢, , ® a,; however, o, , C 0, U 0,. Since o, — {a,} C J,
o, ,|1<|o,|.If(2) happens theno, , ® a,,s0|0, ,|<|0,|.Sinceb € 1,a/l =a
—b/I=aUb/I, and since b€ A, a— b, a U b € A. A similar argument holds
when for some k b, € g,.

So, by descending induction, for every a € A there is a’ € A N B(J,) such that
a/l = a/I Since B(J,) NANI= {0}, foreverya€ A |B(Jy)) NANa/lI|< 1.
So A' = B(JO) N A is as desired. Q.E.D.

Let B, X B, be the direct product of B, and B,. A Boolean term 7(x,,...,x,) is
called trivial if the value of 7 under every assignment into a BA is 0. Otherwise 7 is
said to be nontrivial.

An n-tuple (a,,...,a,) of elements of a BA B is dependent if for some nontrivial
T(x),...,%,): 1(a,...,a,) = 0.

Let {(J, <) be a linear ordering B = B(J), a € B and | g, |= k. If 5,(1) > -0,
we define 6,(0) = —oo; if g (k) < oo, we define a,(k + 1) = o0. So, {1,...,k} C
Dom(a,) C {0,...,k + 1}.

DEFINITION 5.2. Let (J, <) be a linear ordering, B = B(J),a = {a;|i <a} C B.
d is called homogeneous if: (1) there is k such that for every i < a |0, |= k; and (2)
for every 1 <j<a: 0, N {-00,00} =0, N {-00,0}, 5, No, —{ 00,00} = &,
and there is /= 1“ < max(Dom(o p)) l'e Dom(a, ), such that 0,(/) < o, and
o‘(l)<oj—{ 0, oo}<a‘(l+ 1).

Note that @ might be the constant sequence of 0’s or the constant sequence of 1’s.

LEMMA 5.3. There is n, < w such that for every homogeneous da, every sequence of n,,
elements of a is dependent.

PRrOOF. Easy to check.

LEMMA 5.4. Let J and B be as in 5.2, and let P C B, |P|=A>N, and A is
regular; then there is a 1-1 sequence {a;|i <A} C P, n<wand -0 = by <b,; <
< b, = o, such that for every m <n {a; N (b,,, b,,,]|i <A} is homogeneous in

Bt (b, b1
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PROOF. By a simple cleaning process.
The following theorem is a weakened version of Theorem 2(b) in [Ru] which had
an error. At present we do not know to prove or disprove it.

THEOREM 5.5. Let J, B, P, and X be as in 5.4. Then there is m < w and a 1-1
a = {a,;|i <M} C P, such that every m elements of a are dependent.

PROOF. Let n, b,...,b, and @ = {a,|i <A} be as in 5.4 and let m = n - n,. (n,
was defined in 5.3.)

Let ¢},...,Cp0 CresCrse s Clse o sCh be elements of . By 5.3 for every i <n,
there is a nontrivial term 7,(x,,...,x, ), such thatin Bl (b;.b,]:
(Cl N (bbi ] ;i:o (bi’bi-H]) =0.
Let 7(x},.... %, X{he X0 ) = OV 7(x],...,x, ); then 7 is nontrivial and
(el el e el ) = 0. QED.

An object C = ({a;|i <A}, (by.....b,)) which satisfies the conclusion of 5.4 is
called a system.
If d = {a,|i <A} C Bishomogeneous, let m(a, B) =|o(a;) — {-00, 0} |, where
i is any ordinal < A. If C is as above, we define
m(C)=2- 3 m({a, N (b;.b,\]|i <A}, Bt (b.b,,)])

j<n
-—|{j| {a,. ﬂ(bj,ij] Ji< )\} is not a constant sequence}l.

Let us now quote Theorem 3 from [BakK].
If A is a regular cardinal and B does not contain an antichain of power A, then B
contains a dense subset of power < A.

THEOREM 5.6. Let (J, <) be a linear ordering, and let B C B(J) be of power A,
where N is regular. Then B contains a chain or an antichain of power \.

PROOF. Suppose | B|= A, and B does not contain antichains of power A. Let
C ={a,{by,...,b,)) be a system, where a is 1-1 and has length A, and m(C) is
minimal. We will show that for some D C A, | D|= A and {a,|a € D} is a chain.
Let @ = {a,|j <A}. For every i <n,let a} = a; N (b, b,,\], @ = {a;|j <A}, and
B' = Bt (b;, b,,,]. Note that since B does not have antichains of power A, neither
does B'. We shall first show that it can be assumed that for every i < n:

(*) for every j < k <A, aj and a; are comparable.

Let m; =| o,  — {~00,00} | . () certainly holds for i, if | m,|< 1. Suppose m, > 1.
By duallty, we can w.l.o. g. assume that —oc0 € o, ;- Let D, = {j| there is k > j such
that 1 < Ij” <m;,— 1}. (1 was defined in 5.2.) Suppose | D;|= A, for everyj € D,
let k(j) be as assured in the definition of D;. For every j € D,, let ¢; = a} — aj .
Let E C B' — {0} be dense in B’ and | E|< A. Since for every j € D,, ¢; # 0, there is

def
e € E such that e; Cc; Since A is regular, there is e € E such that: D’ = {7l e = e}
has power A. Let 1 = min(o,); then for every j € D', Ea/,(l) <1< 6;}.(m,.). But then
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def
there is /, 1 </ < m, such that D" = {Jlog() << 6‘,;(1 + 1)} has power A. Let
C'={{a;|J ED"}.(by,....b; t,b\s.... b)Y

then m(C’) = m(C) — 1, a contradiction.

So | D;|<A. By deleting {a,|j € U{D,|m,>1}} from {a;|j <A}, we can
assume that for everyi <nif m, > 1, then D, = &.

It is easy to check that if D, = @, then either: for every j < k <A, a' and a, are
comparable; or for every j < k <X a; and aj are incomparable. Since the second
case cannot hold, (*) is proved. For every i, j<n and for every k <A, let
D, = {a|a <A, a, - a, and af - a’}. We prove that for every i, j, k as above,
| D« [<A. If not, let i, j, k be a counterexample. For every « € D, let b* =a, N
a,,sob*N (b, b, )= aj,and b* N (b,, b, ] = a,. Thus {b*|a € D, ;} is 1-1. Let
¢ be a subsequence of length A of {b*|a € D, }, such that for some by,...,b,,
C’ d=ef<E, (bgs---»by)) is a system; then m(C’) < m(C), a contradiction, so | D, ; |<
A

We now define by induction D C A, | D|= A, such that {a,|« € D} is a chain.
Suppose a, have been defined for every » <§. Let a €A — U (D, |i, j<n and
v<§} — {a,|v<&}). Let D = {a,|» < A}; then {a,|a € D} is a chain. Q.E.D.

COROLLARY 5.7. If B is SC, then every subalgebra of B which is embeddable in an
interval algebra has power < ¥ ,.

PROOF. B does not contain uncountable chains or antichains, so the corollary
follows from Theorem 5.6. (Alternatively 5.5 can be used.)'

Our last goal in this section is to prove, assuming CH, that the theory of BA’s in
Magidor - Malitz language L? is undecidable. (See definition in [MM].)

Sierpinski assuming CH (but see also Bonnet [B1]) constructed a family {L,|a <
281} of subsets of R, such that if f is an order preserving or order reversing function,
and Dom(f) C L,, Rng(f) C Ly and a # B, then | Dom( f) |< 8. It is easy to see
that if a B, then every linear ordering which is embeddable in both B(L,) and
B(Lpg) is of power < 8.

We now show how to interpret in the L?-theory of BA’s the first order theory of
symmetric irreflexive relations. Let h: {(0,a)|0 Cw, |0|=2, a <N} - N, be a
1-1 function. Let B, , = B(L,,.,,), Where {L, | a < 2%} is as mentioned above.

Let M = (B, R) be a structure, such that 8 < w and R is an irreflexive symmetric
relation on a.

We now define a BA B,,, in which M can be interpreted. For every i € B, let
B, = Z{B; j;.«| (i, J) € R, a <N} where I denotes the weakest direct product. Let
By, = Z,cpB;. Let gy(x) be the formula in L? that says: “there is an uncountable
family of pairwise disjoint nonzero subelements of x.”” Let

@1(x) = o(x) ANVyy, » [()’l Uy =x)AN(yNy= O)] -V —@o(3:) |-

=1

Let @,(x, ¥) = ¢(x) A @(y) N —@y(x Ay). It is clear that in B,, ¢,(x, y) defines
an equivalence relation E on {a| B,, F ¢ [a]}, and for every equivalence class C of
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E, there is a unique i < B such that 1, € C. Let us denote this equivalence class by
C

1

Let @5(y,, »,) be the formula which says:
AX)(| X|= 8, A (Vx,x, € X)((x, and x, are comparable)
Al(x; = x) V((x; Ny #x Ny A(xg Ny # xy m)’z))])~

@5(¥,, »,) says that there is an uncountable linear ordering which is embeddable in
both B! y, and in Bt y,.

Let @,(x,, x,) be the formula that says: AX)(| X |= N, A (Vy, 0, E XNy, =» V
() Ny, =0 A @3y, N xy, yy N X3)))

Then, for every i, j € B and for every x; € C; and x, € C;: By, F @,[x,, x,] iff
(i, j)ER.

Conclusion 5.8. (CH) The first order theory of irreflexive symmetric relations is
interpretable in the L2-theory of BA’s, and so the L*-theory of BA’s is undecidable.

6. Retractiveness of free products. We have already seen that (y, implies the
existence of a retractive BA not embeddable in an interval algebra. The results of
this section are motivated by the following open question.

Question 6.1. Does ZFC imply the existence of a retractive BA not embeddable in
an interval algebra?

Throughout this section B, * B, denotes the free product of B, and B, and B
denotes the BA of finite and cofinite subsets of w. Rotman [R] has proved that if B,
is infinite and B, is uncountable, then B, * B, is not embeddable in an interval
algebra.

We shall show that if L is a Suslin ordering, or if L is a Sierpinski set then
B(L) * B is retractive. In fact in Theorem 6.6 we shall find a necessary and
sufficient condition on L that assures that B(L) = B is retractive. We shall conclude
that if there is a Suslin tree, or if MA holds, then there is a retractive BA not
embeddable in an interval algebra.

In this section B is considered to be an ideal in itself; an ideal I # B is called a
proper ideal. If 1 is.an ideal in B and A4 is a subalgebra of B we say that A4 is a retract
of B relative to [ if, for every b € B, |b/I N A|= 1; an endomorphism & of B with
kernel I such that A2 = h is called a retraction of B relative to /. Note that if 4 is a
retraction of B relative to I, then Rng(4) is a retract of B relative to I. If I is an ideal
inBanda € BletIta= {b|bCaandb € I};clearly Il ais an ideal in B! a.

LEMMA 6.2. (a) Let P, denote the following property of a BA B; (i) B is retractive;
and (i) for every sequence {I;|i € w} of ideals in B, there is a sequence {{A;, a,,
h,)|i € w} such that (1) {A,|i € w} is an increasing sequence of subalgebras of B
whose union is B; (2) a, € A, N I;; and (3) h, is a retract of Bt —a, relative to I;! -a,,
and h;t (A;! —a;) = 1d.

If B has property P, then B B is retractive.

(b) Let P, be the following property of a BA B: for every sequence {I,|i € w} of
ideals in B there is an increasing sequence {4, |j € w} of subalgebras of B whose union
is B, and for every i, j € w there is a; € I, such that for every b € I, N A;bCay;

If for some infinite B, B = B, is retractive, then P, holds in B.
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PROOF. (a) Let B have property P, and let B = B » B. We denote by 1, 1 and 1 the
ones of B, B and B respectively. Let {e,|i € w} be a 1-1 enumeration of the atoms
of B.

Let I be an ideal in B; we define the following idealsin B: I, = (b € B|b N e, €
I},J={bEB|forsomenc€wbn(1— U,_e)EI}. Let ({4, a, h)|iE w)
be as assured by P, for the sequence of ideals {I,|i € w}. If J = B, then by the
retractiveness of B it is easy to find a retract of B relative to /. We thus assume that
J # B. Let C be a retract of B relative to J.

Let g; be the endomorphism of B extending Idt (Bt a,) U h ;- Forevery b € B let
b* = U, (g(b) Ne,). A priori it is clear that * is a homomorphism of B into the
completion of B, but since {4, |i € w} is an increasing sequence of subalgebras of B
whose union in B, and by the definition of the g,’s, * is really an embedding of B
into B. Let C* = {¢*|c € C}, and let C,= {bNe;|b € Rng(h,)}. Let A be the
subalgebra of B generated by C* U U,_ C,. We claim that 4 is a retract of B
relative to 1.

We first show that for every b € B |b/I N A|= 1. Let b € B; then for some
b, EBandn € w

bN (Tn(i— Ue,)) :b,m(i- Ue,.).
<n <n
Let ¢ € C be such that ¢ Ab, € J. Let m be chosen so that: m = n,
c* N (Tﬂ(i— Ue,)) =cﬂ(i— Ue,)
<m I<m
and
(cAb) N (i Yy e,) el
<m
Let d=(c*Ab)Nn (1N U,..e); so for some d,,....d, , €EB, d=
Uicm(d;Ne). Letd] = h(d;, —a,)and letd’ = U,_ (d/ N e,). It is easy to check
thatd Ad’ € I.
Clearly d’ Ac* € A, and we show that (d’ Ac*) Ab € 1.

CINSINE ((d’ Ac* Ab) N (T n U e,.))

i<m

U

(d’ Ac* Ab) N (T N (i - EJ e,.)))

=(d’Ad) U (c* Ab) €I

We have thus proved that for everyb € B|b/I N A |= 1.

We now prove that 4 N I = {0}. It is easy to see that every element of 4 is a
finite union of elements of the following forms: (1) @ N b, where a € C* and for
some i bE C; (2) a— Ulecj, where a € C*, and there are i),...,i, such that
¢, €C,....c, € G . It suffices to show that every element of one of the above
forms that belongs to I is equal to 0.
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Suppose a € C*, b € C; and a N b € 1. Hence there is b’ € Rng(h;) such that
b =5 Ne, and for some a’ € Rng(g,): a N (1 Ne,)=a’ N e, By the definition
of g;a’N'b" € Rng(h;).an b= (a’"Nb)N e, soby the definitionof I, a" N b’ €
I.. But Rng(h;) N I, = {0}, hencea’ N " = 0, and hencea N b = 0.

LetaeC* ¢ eC.j=1....k and a - UA _i¢, EL Let d € B be such that
a=d*, hencede C. Letn>1, ..... i, be such that

nﬁn(ﬂ-uej):dnﬁ—tqu
i<n i<n
hence

(a_ LAJC,/

mﬁn(y-ugnzdn(r-uqy

i<n i<n

This means that d € J. ButJ N C = {0}; hence d = 0, hence d* = 0. Q.E.D.

(b) Suppose B, is infinite, and B * B, is retractive; we show that P, holds in B. Let
(I,|i € w} be a sequence of ideals in B. Let {/|/ € w} be an enumeration of
{I;|i € w} such that for every i € w {j|J, = I} is infinite. Let 1 denote 15, and let
{e;|i € w} be a sequence of nonzero pairwise disjoint elements of B,. Let B be the
subalgebra of B, generated by {e,|i € w}, and let I be the ideal in B generated by
U, c.{bNe;|b € J). Let hbe aretraction of B relative to 1. Let

Tﬂ“—Uq”:bﬂ“—Uq”.

k< K<y

A= {be§|h(bn 1)n

It is easy to see that {4,|j € w} is an increasing sequence of subalgebras whose
union is B.

Let i, j € w. There is k = j such that J, = 1 Leta,, € B be such that A(1 N e)
N(Ne)= -a;; N e, Clearlya,; € J, =

Leta€ 4, N 1 thena € 4, N I,\ hencea Ne, €1, s0

0=h(ane)=h(ani)nh(lne,)
D(ane)N(-a,Ne)=(an-a;)Ne,.

Soan —a,;=0.aCa,;. QED.
The following lemma follows from the work of E. van Douwen [D1]. We bring it
here for the sake of completeness.

LEMMA 6.3. If B contains a nonprincipal noncountably generated ideal, and B’ is
infinite, then B = B’ is not retractive.

PROOF. Let B= B = B’, and let 1, 1 and 1’ denote the ones of B, B, B’ respec-
tively. Let {b;|i < x 1} bea sequcnce of elements of B such that for every n € w and
Jireeosdg <J <R b; U _ b, . Let {a,|k € w} be a strictly increasing sequence of
elements of B’, and let 7 be the ideal in B generated by {b; N a,|j <V, k < w}.
Suppose by contradiction there is a retraction ¢ > ¢* of B relative to I.
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For every1<b¢ there is k; < w such that (b, N 1")* D b, A (1" —a,). Let k be
such that D = {z | k; = k} is uncountable. Let m > k; then there are i,...,i, <N,

such that (1 N a,)* 2 (1 — U/L\b,)Na,. Leti>i,....i,; then
0=(bNa,)*=(b,Nn1")*N(1Na,)*
2(b,N(1"=ay)) N (T— Ubi,) Na
=1

N (a'" - ak) #0.

= (bi_ U bi,
=1

A contradiction, so the lemma is proved. Q.E.D.

DEFINITION 6.4. (a) Let L be a linear ordering. An open interval tree (OIT) for L
is a sequence G = {G,|i € w} such that each G, is a family {G,,|j € «;} of pairwise
disjoint open convex sets, and for every i < k < w and j € «, there is m € a; such
that G,; C G,,,.

(b) Let G be an OIT for L and 4 C L. A is called G-small if for every i € w
{/€a|A4NG,;+# J}is finite. 4 is called 6 — G-small if 4 is a countable union of
G-small sets.

(c) Lis thin if: (1) | {a € L|a has a successor in L} |< 8,; and (2) for every OIT
G, Lisao— G-small

PROPOSITION 6.5. If L is thin, then (a) L is c.c.c., i.e. it does not contain an
uncountable set of pairwise disjoint open sets; (b) every subset of L is thin; and (c) L is
totally disconnected in its order topology.

We leave the easy proof to the reader.

THEOREM 6.6. B(L) * B is retractive iff L is thin. If L is not thin then for every
infinite B’ B(L) = B’ is not retractive.

PROOF. Suppose L is not thin. If L contains an uncountable set of elements which
have a successor in L, then B(L) has uncountably many atoms, and so the ideal of
B(L) generated by its atoms is not countably generated and so by 6.3 for every
infinite B’ B(L) * B’ is not retractive.

Suppose there is an OIT G such that L is not ¢ — G-small. Let G = {G,|i € w}
and G, = {G,;|j < ¢; < w}. We define ideals {/;|i € w}. I, is the ideal in B(L)
generated by {(a, b]| there is j <, suchthat a,b € G;;}. Let {4,|j € w} be an
increasing sequence of subalgebras of B(L) whose union is B(L), and let L, =
{b|(-0,b] € 4;}. Clearly U, L, = L. We show that for some i/ and j: {k|
| L; N G, |< 2} is infinite. If not, let

Li=L—-U({L~-G,li€w,k€Eqand|LNG,|=1}.

Clearly L] is G-small and | L, — L] |< N,. Hence | L — U . _ L|<N,. Let {a,|i €

JEWwTJ

w} be an enumeration of L — U jEij’, and let LY = L/ U {a;}; then L} is G-small

and U ; e“,Lj” = L, hence Liso — G-small, a contradlctlon
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Let i, j be such that (k|| L, N G, |> 2} is infinite. We show that there is no
a € I, such that for every b € I, N A; b C a. Let a € I;; then there are k,,... .k, <
a,¢,d € Gy, l=1,..,m such thata = Ul (c,d] Letk #k,....k, c,d €
Gy NL;and ¢c<d. Then (¢,d]Za and (c, d] € A; N 1. We have thus shown
that B(L) does not have property P,, and hence B(L) * B is not retractive unless B
is finite.

We now assume that L is thin and prove that B(L) has property P,. In order to
avoid some inessential technicalities, we restrict ourselves to the case when L is a
dense linear ordering without endpoints; the proof for the general case does not
involve additional ideas. Let {/,|i € w} be a sequence of ideals in B(L). For every
i € wlet {C,|j < @} be the set of convex subsets of L U {~oc0, 0} that determines
I, that is: for every j < @, | C;;|> 1, the C,/’s are pairwise disjoint and /; is generated
by U,_.{(a,b]|a, b & C,}. Since Lis c.c.c., for every i, a; is countable, and so we
assume that a; < w. Let H,; be the open set obtained from C;; by deleting its
endpoints if they exist. Let Z denote the set of integers. Forevery i, jlet {H, .|z € Z}
be a sequence of nonempty pairwise disjoint convex open sets whose union is H, ,
and such that if z; < z,, then H;,, < H, . . The existence of such a sequence follows
from the total disconnectedness and the c.c.c.-ness of L. It is easy to find an OIT
G ={G,|i € w}, G,= {G, |k € w} such that for every i, j,z H,, is a union of
members of G,.

Let 4 = {a| there exist i, j such that a = min(C;;) or a = max(C;)}, and
let{a;|i € w} be an enumeration of 4. Let {L]|i € w} be an increasing sequence of
G-small sets whose union is (L U {-00,00}) — 4. It is easy to see that for every
i, j,k, L is bounded in H,;, and by the G-smallness of L; for every i and k
{JjI H;; N L, # 2} is finite. So there are finite subsets of L, {0;|i € w}, such that
for every i and j, if (L] U U,_,0/) N H;; # @, then (L] U U,_,0)) N H;; has a
minimum and a maximum. Let L, = L] U U,_,0, U {a,| ! <1i}. The sequence {L,|i
€ w} is thus an increasing sequence whose union is L U {-00, 00}, and for every i:
{(JIL,N C,; #* @} is finite, and if L, N C;; # &, then L, N C,; has a minimum and
a maximum.

Let A, be the subalgebra of B(L) generated by {(c,d]|c,d € L;}. Clearly
{A;|i € w} is an increasing sequence whose union is B(L). Let

b= U{[min(L,n C;).max(L,n C,)]IL,NC,+ 2}, beEANI,

and for everya € A; N I, a C b,. For every i we now define a function

g:LU {~00,00} > LU {-00,00}:g! (L U {-00,00} — U Cij) =1d;
J<e

for every j <a;, if L, N C;; = B, let ¢;; € C;; and for every c € C; let gi(c) = ¢;;;
and for every j<ua;, if C;NL # &, let ¢; =min(C; N L) and d;; =
max(C;; N L), let gt [c;;, d;;] = 1d, g,(c) = ¢;; for every ¢;; > ¢ € C;, and g,(c) =
d,;foreveryd;; <c€ (.

Let a, = -b,. We define an endomorphism s, of B(L)! a;: h, is the unique
endomorphism such that, for every (c, d] € B(L)! a;, h((c, d]) = (g,(¢), g{d)))-
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It is easy to see that h, is well defined and that {(4,, a;, h;)|i € w} satisfies the
requirements of P,. Q.E.D.
An uncountable subset of R that intersects every measure zero set in a countable
set is called a Sierpinski set. Recall that CH implies the existence of a Sierpinski set.
A c.c.c. linear ordering which does not contain an uncountable subset order
isomorphic to a subset of R is called a Suslin ordering.

THEOREM 6.7. (a) If L is a Suslin ordering, then L is thin.

(b) A Sierpinski set is thin.

(c) MA implies that every subset of R of cardinality less than 2% is thin, and that
there is a thin subset of R of cardinality 2%°.

PROOF. (a) Let L be a Suslin ordering. Let G = {G,|i € w} be an OIT for L,
where G, = {G,;|j < «;}. Since Lis c.c.c, w.lo.g. foreveryi € v, a, = w.

Let us define the following equivalence relation on L: x ~ y, if for every i, j,
xE€ G, iff ye Gu’ and x < G,; iff y <G,;. Clearly a set that intersects every
equivalence class in at most one element is embeddable in R, and hence the number
of equivalence classes is at most N,. Let {C,|i € w} be an enumeration of all
equivalence classes. Clearly each C, is G-small U,eCi=L,so Liso — G-small.

(b) Let L be a Sierpinski set, and let G be an OIT for L. It is easy to see that for
every interval [a, b] of R and every € > 0, there is a G-small closed set F such that
p(la, b] — F) <e. Let F, be such a set for the interval [-i, i] and € = 1/i. Clearly
pR— U, F)=0, and hence |L— U,_ F|<8, Let {q|i€Ew})=L—
U, F» and let C;=(F, N L) U {a,}; then C, is G-small, and U,_ C, = L. This
proves (b).

(c) Suppose MA holds. Let L C R and | L|< 2%, and let G = {G,|i € w} be an
OIT in R. We shall show that there is a family {F;|i € w} of G-small closed sets
such that: (R — U, F)=0,and L C UF,

Let G, = {G;;|j € w}, i € w, and let Pw(A)d=ef {BCA||B|<¥,}. We define a
forcing notion (P, < ). Every p € P has the following form: {(¢/, F/)|i € w}
where: (1) for every i € w: F? is a finite union of closed intervals and rays with
rational endpoints, p([—i, i] — F?)<1/i, and o/ € P,(L N F?); and (2) {i| F? #
R} is finite. p < g if for every i 6? C 67 and F7 C F?.

It is easy to see that Pisc.c.c. Foreveryi, j Ewlet D, = {p|{k|FF N G, + &}
is finite}; clearly D, is dense in P. For every a € L let D, = {p|a € U, 07};
clearly D, is dense in P. Let U be a filter in P which intersects all the D,’s and all the
D,’s, and let F, = N seukl; then {F|i € w} is as required. This proves the first
part of (c).

We now prove the second part of (c). Suppose MA holds, and let {G*|a < 20}
be an enumeration of all OIT’s in R. We define by induction on a a family
{F*|i € w} of closed G-small sets and a, € R such that: (1) yR — U, F) =
and 2)a, € ﬂﬁ<a — {ag| B <a}.

Suppose ag, {FF|i € ) has been defined for every B < a. By the first part of (c),
there is a family {F*|i € w} of closed G®-small sets containing {agz|B < a}, and
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such that p(R — U,  F*) = 0. By MA N, (U, FF) = {ag|B<a} # @; let
a, belong to this set. It is easy to see that {a, | @ < 2%} is thin. Q.E.D.

We now make some observations about the nonretractiveness of some free
products.

Observation 6.8. (a) Let B be an atomless BA such that: (1) B — {1} is the union
of countably many proper ideals (i.e. B is embeddable in P(w)): (2) If {4,|i € w} is
an increasing sequence of subalgebras whose union is B, then there is i € w and
b € B — {0} such that 4,1 bis dense in B} b. Then B does not have property P,.

In particular SC BA’s do not have property P,.

(b) Let A C B,, B, be uncountable BA’s; then B, * B, contains a noncountably
generated ideal.

It thus follows that if B, is uncountable and B is infinite, then B, * B, * B is not
retractive.

(c) If B C B(R) is uncountable then B * B is not retractive.

PROOF. (a) Let {/;|i € w} be a sequence of dense ideals whose union is B — {1};
let {4,]j € w} be an increasing sequence of subalgebras whose union is B. We show
that there are no a,,’s as required in P,. Let j € w and b € B — {0} be such that
A;1 b is dense in Bt b. Let i € w be such that -b € [,. Clearly there is no a,; as
required in P,.

(b) Let @ — a be an isomorphism between two copies 4 and Aof A. Let ACB
and A C B; we show that ideal I of B * B generated by Cci—’if {an —dla€ A} is

not countably generated. If it were countably generated, then there had been a
countable subset C, of C generating I, but this is impossible, since for every a € 4
a N —a does not belong to the ideal generated by C — {a N —a}.

(c) We shall prove a little bit more than what was stated in (c). A linear ordering <
of a subset C of a BA B is called a pseudo-order of C relative to B, if for every
CpyeesC,<c<dy,...,d;in C N'_ d, g c U/_ ¢, In such a case we shall call C a
pseudo-chain. Let <; be a pseudo-order of a subset C; of a BA B, i = 1,2. We say
that C, is pseudo-isomorphic to G, if (C, <) = (C,, <,).

We prove the following claims.

Claim 1. 1f B C B(R) is uncountable, then B contains an uncountable pseudo-chain.

Claim 2. Let C, C B, i = 1,2, be pseudo-isomorphic pseudo-chains, and suppose
that the subalgebra of B, generated by C, is embeddable in P(w), i = 1,2. Then
B, * B, is not retractive.

Clearly (c) follows from Claims 1 and 2.

Claim 1 follows easily from the fact that R is separable. We prove Claim 2. Let <
be a pseudo-order of C, relative to B, and <, be a pseudo-order of C,. Let ¢ — é be
an isomorphisn; fbetween (C\, <) and (G,, <;). Let I be the ideal in B, * B,
generated by D = {cN —d|c,d € C, and ¢ < d}. Our goal is to show that there is
no subalgebra 4 of B, * B, such that foreveryb € B, * B, |A N b/I|= 1.

Let E={cN —¢&|c € C,}, we check that E/I is a set of pairwise disjoint
nonzero elements in B, * B,/I. Let ¢,d € C, and ¢ <d; then (cN —& N(dN

—J) =(cNd)N —(¢Ud)CcN —d € I Hence the elements of E are pairwise
disjoint modulo 1.
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Let ¢ € C, and suppose by contradiction that c N —¢ C U™ (¢, N —d,) where
¢;<d,€C, Wlog, forevery | <i<k, c;<c and, for every k <i<m, c<c,.
Let e = (c — Ulec,) N (ﬂ;"zk+l¢fi — ). Clearly 0 # e Cc N —¢ and for every
I<i<m,en(cN —d)=0 HencecN —¢ Z U™ (c;N —d,).

Suppose by contradiction that there is a subalgebra 4 C B, = B, such that for
every bE B, *B, |[ANb/I|=1. For every c€C, let a. €A N(cN —¢)/I.
{a.|c € C,} has to be a set of pairwise disjoint nonzero elements in B, * B,. Let B/
be the subalgebra of B, generated by C,, i = 1,2. For every ¢ € C, there are
d!,d? € Isuchthata, = (¢ N —¢) — d!) U d% Thereis d. € D such thatd! C d,,
so a,D(cnN —¢)—d, since cN —¢/I+0, (cN —¢)—d,#0. Hence {(c N
—¢)—d.|c € C,} is a subset of B| * B; consisting of pairwise disjoint nonzero
elements. This is impossible since B} * B; is embeddable in P(w) and thus it is c.c.c.
Q.E.D.

REMARKS. (a) It follows from a result of Nyikos that MA + —-CH F . If B = B is
retractive, then B is countable.

(b) E. van Douwen has proved that if (S, < ) is a Suslin ordering then B(S) * B(S)
is not retractive.

(c) Question 37 in [DMR] remains open; our claim quoted in note 12 there had an
error. For more information about retractiveness see [DMR].

Let us state some open questions.

(1) Does ZFC imply that there is a retractive BA not embeddable in an interval
algebra?

(2) Is it consistent with ZFC that R does not contain an uncountable thin set??

(3) Is it consistent with ZFC that there are uncountable BA’s B, and B, such that
B, * B, is retractive? Does the above follow from ZFC? What is the answer if we
require in addition that B, = B,, or that B, B, are embeddable in P(w) or both?
What is the answer when we require that B,, B, are interval algebras or embeddable
in interval algebras or embeddable in B(L), where L = R, or L is a Suslin ordering?

(4) Is it consistent with, or does it follow from ZFC that every subalgebra of a
retractive BA is retractive?
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